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Near-Optimal Coresets for Least-Squares Regression
Christos Boutsidis, Petros Drineas, and Malik Magdon-Ismail

Abstract—We study the (constrained) least-squares regression as
well asmultiple response least-squares regression and ask the ques-
tion of whether a subset of the data, a coreset, suffices to compute
a good approximate solution to the regression. We give determin-
istic, low-order polynomial-time algorithms to construct such core-
sets with approximation guarantees, together with lower bounds
indicating that there is not much room for improvement upon our
results.

Index Terms—Least mean square algorithms, machine learning
algorithms, regression analysis.

I. INTRODUCTION

L INEAR regression is an important technique in data
analysis [18]. Research in the area ranges from numerical

techniques [1] to robustness of the prediction error to noise
(e.g., using feature selection [13]). We ask whether it is possible
to efficiently identify a small subset of the data that contains
all the essential information of a learning problem. Such a
subset is called a “coreset.” We show that the answer is yes,
for linear regression. Such a coreset is analogous to the support
vectors in support vector machines [9]. Such coresets contain
the meaningful or important points in the data and can be
used to find good approximate solutions to the full problem by
solving a (much) smaller problem. When the constraints are
complex (e.g., nonconvex constraints), solving a much smaller
regression problem could be a significant saving [12].
We present coreset constructions for constrained regression

(both simple and multiple response), as well as lower bounds
for the size of coresets that achieve certain accuracy. In addi-
tion to potential computational savings, a coreset identifies the
important core of a machine learning problem and is of con-
siderable interest in applications with huge data where incre-
mental approaches are necessary (for example, chunking) and
applications where the data are distributed and bandwidth is
costly (hence communicating only the essential data is impera-
tive [15]).
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Our first contribution is a deterministic, polynomial-time al-
gorithm for constructing a coreset for arbitrarily constrained
linear regression. Let be the “effective dimension” of the data
(the rank of the data matrix) and let be the desired ac-
curacy parameter. Our algorithm constructs a coreset of size

, which achieves a -relative error performance
guarantee. In other words, solving the regression problem on the
coreset results in a solution which fits all the data with an error
which is at most worse than the best possible fit to all the
data. We extend our results to the setting of multiple response
regression using more sophisticated techniques. Our proofs are
based on two sparsification tools from linear algebra [2], [7],
which may be of general interest to the machine learning com-
munity, and we discuss them in some detail.

A. Problem Setup

Assume the usual setting with data points
; are feature vectors

(which could have been obtained by applying a nonlinear
feature transform to raw data) and are targets
(responses). The linear regression problem asks to determine
a vector that minimizes

over , where are positive weights. So,
, for all . The domain represents the constraints

on the solution, e.g., in nonnegative least squares (NNLS) [3],
[16], , the nonnegative orthant. Our results hold for
arbitrary .
A coreset of size is a subset of the data points,

. The coreset regression problem con-
siders the squared error on the coreset with a (possibly) different
set of weights ,

Suppose that is minimized at , so
, for all . Such a coreset is of interest if, for some

set of weights , is nearly as good as for the original
regression problem on all the data. That is, for some small ,

The algorithm which constructs the coreset should also provide
the weights . For the remainder of the paper, we switch to an

0018-9448 © 2013 IEEE



BOUTSIDIS et al.: NEAR-OPTIMAL CORESETS FOR LEAST-SQUARES REGRESSION 6881

TABLE I
SUMMARY OF OUR RESULTS FOR CORESET CONSTRUCTION IN LINEAR REGRESSION. IN ALL CASES, OUR ALGORITHMS ARE DETERMINISTIC AND CONSTRUCT
A CORESET OF SIZE . THE APPROXIMATION RATIOS ARE VALUES SUCH THAT . IN THE FIRST ROW IN THE TABLE,

, AND ARE VECTORS. NOTATION: IS THE NUMBER OF DATA POINTS OF DIMENSION ; IS THE RANK OF THE MATRIX WHOSE ROWS
CORRESPOND TO THE DATA POINTS; IS THE SIZE OF THE CORESET, ; IS THE NUMBER OF “RESPONSE” VECTORS IN

MULTIPLE-RESPONSE REGRESSION (IN THE LAST FOUR ROWS IN THE TABLE , AND HAVE COLUMNS)

equivalent matrix formulation of the problem (see Appendix for
linear algebra background.)
1) Matrix formulation: Let be the data matrix

whose rows are the weighted data points ; and let
be the similarly weighted target vector, , where

for denotes the th element of . The
effective dimension of the data can be measured by the rank
of ; let . Our results hold for arbitrary ,
however, in most applications, and . We
can rewrite the squared error as , so,

(1)

A coreset of size is a subset of the rows of
and the corresponding elements of . Let be
a positive diagonalmatrix for the coreset regression (the weights
of the coreset regression will depend on ). The weighted

squared error on the coreset is given by

so the coreset regression seeks defined by

We say that such a coreset is an -coreset if the solution
obtained by fitting the coreset data is almost optimal for all the
data. Formally,

B. Our Contributions

In this section, we discuss our main results for various for-
mulations of linear regression (also summarized in Table I). In
the next section, we present the relevant algorithms and proofs.
1) Constrained linear regression (see Section II): Our main

result for constrained simple regression is Theorem 1, which

describes a deterministic polynomial time algorithm that con-
structs a -coreset of size . Prior to our work,
the best result achieving comparable relative error performance
guarantees is [6, Th. 1] for constrained regression, and the work
of [11] for unconstrained regression. Both of these prior results
construct coresets of size and they are random-
ized, so, with some probability, the fit on all the data can be
arbitrarily bad (despite the coreset being a logarithmic factor
larger). Our methods have comparable, low order polynomial
running times and provide deterministic guarantees. The results
in [11] and [6] were achieved using the matrix concentration re-
sults in [17]. However, these concentration bounds break unless
the coreset size is .
We extend our results to multiple response regression, where

the target is a matrix with . Each column
of is a separate target (or response) that we wish to predict.
We seek to minimize over all .
Multiple response regression has numerous applications, but is
perhaps most common in multivariate time series analysis; see
for example, [8], [14]. To illustrate, consider prediction of time
series data: let be a set of time series, where
each column is a time series with time steps; we wish to
predict time step from time step . Let contain the first
rows of and let contain the last rows. Then, we seek
that minimizes under some norm , which is

exactly the multiple response regression problem. In this paper,
we consider the spectral ( ) and Frobenius ( ) norms.
2) Multiobjective regression (see Section III-A): An impor-

tant variant of multiple response regression is the so-called mul-
tiobjective regression. Let

where we explicitly identify each column in as a target re-
sponse where .We seek to simultane-
ously fit multiple target vectors with the same , i.e., to simulta-
neously minimize . This is common when the goal
is to tradeoff different quality criteria simultaneously. Writing

( copies of ), we
consider minimizing , which is equivalent to mul-
tiple regressionwith a strong constraint on .We present results
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for coreset constructions for the Frobenius-norm multiobjective
regression problem in Theorem 4, which describes a determin-
istic algorithm to construct -coresets of size ,
where . Theorem 4 emerges by applying Theorem
1 after converting the Frobenius-normmultiobjective regression
problem to a simple response regression problem.
3) Arbitrarily constrained multiple-response regression

(see Section III-B): Using the same approach, converting
the problem to a single response regression, we construct a

-coreset for Frobenius-norm arbitrarily constrained
regression in Section III-B. The coreset size in this case is

.
4) Unconstrained multiple-response regression

(see Section IV): In Section IV, we consider coresets for
unconstrained multiple-response regression for both the
spectral and Frobenius norms. The sizes of the coresets
are smaller than the constrained case, and our main results
are presented in Theorems 6 and 7. Theorem 6 presents a

-coreset of size for spectral norm
regression, while Theorem 7 presents a -coreset of size

for Frobenius norm regression.
5) Lower bounds (see Section V): Finally, in Section V, we

present lower bounds on coreset sizes. In the single response
regression setting, we note that our algorithms need to look at
the target vector . We show that this is unavoidable, by arguing
that no -agnostic deterministic coreset construction algorithm
can construct coresets which are small (see Theorem 13). We
also present similar results for -agnostic randomized coreset
constructions (see Theorem 14).
Then, we present lower bounds on the size of coresets for

spectral and Frobenius norm multiple response regression that
apply in the general, non- -agnostic, setting (see Theorems 15
and 16).

II. CONSTRAINED LINEAR REGRESSION

We define constrained linear regression as follows: given
of rank , , and , we seek

for which , for all (the do-
main represents the constraints on and can be arbitrary). To
construct a coreset (i.e., consists of rows of )
and (i.e., consists of elements of ), we introduce
sampling and rescaling matrices and , respectively. More
specifically, we define the row-sampling matrix
whose rows are basis vectors . Our coreset is
now equal to ; clearly, is a matrix whose rows are
the rows of corresponding to indices . Similarly,

contains the corresponding elements of the target
vector. Next, let be a positive diagonal rescaling
matrix and define the -weighted regression problem on the
coreset as follows:

(2)

In the above equation, the operator first samples and then
rescales rows of and . Theorem 1 is the main result in this

section and presents a deterministic algorithm to select a coreset
by constructing and .

Algorithm 1: Deterministic coreset construction for
constrained linear regression.

Input: of rank , , and .

Output: sampling matrix and rescaling matrix
.

1:Compute the SVD of . Let , where
, and , with

(the rank of ).

2:Return (see Lemma 2)

Theorem 1: Given of rank , , and
, Algorithm 1 constructs matrices and

(for any ) such that of (2) satisfies

The running time of the proposed algorithm is
, where is the time needed to compute the

left singular vectors of the matrix .
For any , we can set to get an approx-

imation ratio roughly equal to . This result considerably
improves the result in [6], which needs to
achieve the same approximation ratio. Additionally, our bound
is deterministic, whereas the bound in [6] fails with constant
probability. Boutsidis and Drineas [6] also require an SVD com-
putation in the first step, so its running time is comparable to
ours.
In order to prove the above theorem, we need a linear

algebraic sparsification result from [2], specifically [2, Th.
3.1], which we restate using our notation (we present the
corresponding algorithm below).
Lemma 2 (single-set spectral sparsification [2]): Given
satisfying and , we can deterministically

construct sampling and rescaling matrices and
such that, for all :

The algorithm runs in time and we denote it as
.

Proof of Theorem 1: Let and
compute its SVD: . Let be the rank of (

, since ) and note that , ,
and . Let and
define as follows:
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Note that , ,
, and . We will

bound in terms of :

where and follow from Lemma 2 and follows from
the optimality of for the coreset regression in (2). Using

and manipulating the above expression concludes the
proof of the theorem. The running time of the algorithm is equal
to the time needed to compute and the time needed to run the
algorithm of Lemma 2 with .

Algorithm 2: SimpleSampling (Lemma 2)

Input: with and
.

Output: Sampling matrix and rescaling matrix
.

1: Initialize , , and .

2: Set constants and .

3: for to do

4: Let ; .

5: Pick index and number (see
Section II-B for the definition of ):

6: Update ; and set ,
.

7: end for

8: Multiply all the weights in by .

9: Return: and .

A. Single-Set Spectral Sparsification Algorithm (Lemma 2)

We now discuss in more detail the sparsification algorithm of
Lemma 2.We present the corresponding algorithm as Algorithm
2. Our notation deviates from the original in [2]; we employ our
own presentation of the corresponding algorithm in [7]. Algo-
rithm 2 is a greedy technique that selects columns one at a time.
To describe the algorithm in more detail, it is convenient to view
the input matrix as a set of column vectors,

with ( ). Given and , introduce
the iterator , and define the parameter

. For a square symmetric matrix with
eigenvalues , vector and scalar , define

and let be defined as

where

Similarly, for a square symmetric matrix with eigen-
values , , , define

and let be defined as

where

The running time of the algorithm is dominated by the search
for an index satisfying

(one can achieve that by exhaustive search). One needs
and , and hence the eigenvalues of . This takes
time, once per iteration, for a total of . Then, for

, we need to compute the functions and for every
. This takes per iteration, for a total of . So,

the total running time of the algorithm is .

III. CONSTRAINED MULTIPLE-RESPONSE REGRESSION

Constrained multiple-response regression in the Frobenius
norm can be reduced to simple regression. So, we can apply the
results of the previous section to this setting.

A. Multiobjective Regression

Let and , with . The objective of
multiobjective regression is

(3)
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where contains copies of .
Let (here is a vector of all ones and
thus is the average of the columns in ). Recall that

, , and let .
Lemma 3: For ,

.
In the above equation, denotes the th column

of as a column vector. Note that the second term in Lemma
3 does not depend on and thus the generalized multiobjec-
tive regression can be reduced to simple regression on and

. Using Theorem 1, we can get a coreset: let minimize
, where and are obtained via The-

orem 1 applied to and . If , then,
by Lemma 3, minimizes . Similarly, if

minimizes and ,
then minimizes . Theorem 4 states that
approximates .
Theorem 4: Given of rank and , we

can construct matrices and (for any
) such that the matrix that mini-

mizes over all matrices
with satisfies

The runtime of the proposed algorithm is
, where is the time needed to

compute the left singular vectors of the matrix
.

Proof: We first construct and via Theorem 1 applied
to and . The running time is (the time needed to
compute ) plus the running time of Theorem 1. The result is
immediate from the derivation given at the bottom of the page,
where follows by Lemma 3 and follows because
is the output of a coreset regression as in Theorem 1. Finally,

implies that .

B. Arbitrarily Constrained Multiple-Response Regression

Multiobjective regression is a special case of constrained
multiple-response regression for which we can efficiently
obtain the coresets. In the general case, the problem still re-
duces to simple regression, but the coresets are now larger.

The objective of arbitrarily constrained multiple-response
regression is

(4)

Since is isomorphic to , we can view as a
“stretched out” vector ; corresponding to the domain
is the domain . Similarly, we can stretch out

to . To complete the transformation to simple
linear regression, we build a transformed block-diagonal data
matrix from , by repeating copies of along the diagonal

. . .

...
...

Lemma 5: For all , , and of appropriate dimensions,
.

Theorem 1 gives us coresets for this equivalent regression.
Note that . The coreset will identify the
important rows of (the same row may get identified multiple
times as different rows of ), and the important elements of
, because the entries in are elements of , not rows of .

Let be the solution constructed from the coreset, which
minimizes over , and let be the
corresponding solution in the original domain . If is the size
of the coreset and , then, by Theorem 1,

(5)

So, for the approximation ratio to be , we set
. The running time would involve the time needed

to compute the SVD of .
Notice that the coresets are large and somewhat costly to

compute and they only work for the Frobenius norm. In the
next section, using more sophisticated techniques, we will get
smaller coresets for unconstrained regression in both the Frobe-
nius and spectral norms.
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Algorithm 3: Deterministic coresets for multiple regression
in spectral norm.

Input: of rank , , and .

Output: sampling matrix and rescaling matrix
.

1:Compute the SVD of : , where
, , and ; compute

.

2:return
(see Lemma 10)

IV. UNCONSTRAINED MULTIPLE-RESPONSE REGRESSION

Consider the following problem: given a matrix
with rank and a matrix with , we seek
to identify the matrix that satisfies ( and

)

(6)

We can compute via the pseudoinverse of , namely
. If and are sampling and rescaling matrices,

respectively, then the coreset regression problem is

(7)

The solution of the coreset regression problem is
. The main results in this section are presented

in Theorems 6 and 7.
Theorem 6 (spectral norm): Given a matrix with

rank , a matrix , and , Algorithm 3 determin-
istically constructs matrices and such that
the solution of the problem of (7) satisfies

The running time of the proposed algorithm is
, where is the time needed to com-

pute the left singular vectors of .
Since , the approximation ratio is

. So, for and the
approximation ratio is . For , the approximation is

, while for , is asymptotic to . We will argue
that this is nearly optimal by providing a matching lower bound
in Theorem 15.
Theorem 7 (Frobenius norm): Given matrix of

rank , matrix , and , Algorithm 4 determinis-
tically constructs a sampling matrix and a rescaling

matrix such that the solution of the problem of (7)
satisfies

The running time of the proposed algorithm is
, where is the time needed to compute the

left singular vectors of .

Algorithm 4: Deterministic coresets for multiple regression in
Frobenius norm.

Input: of rank , , and .

Output: sampling matrix and rescaling matrix
.

1:Compute the SVD of : , where
, , and ; compute

.

2:return
(see Lemma 11)

The approximation ratio in the above theorem is
. In Theorem 16, we will give a lower bound for the

approximation ratio which is . We conjecture that
our lower bound can be achieved (deterministically), perhaps
by a more sophisticated algorithm or analysis.
Finally, we note that the -agnostic randomized construction

of [10] achieves a approximation ratio using a signifi-
cantly larger coreset, . Importantly, Drineas
et al. [10] does not need any access to in order to construct the
coreset, whereas our approach constructs coresets by carefully
choosing important data points with respect to the particular
target response matrix . We will also discuss -agnostic al-
gorithms in Section IV-C (see Theorem 12) and we will present
matching lower bounds in Section V.

A. Proofs of Theorems 6 and 7

We will make heavy use of facts from Section A in the Ap-
pendix. We start with a few simple lemmas.
Lemma 8: Let be the regression

residual. Then, .
Proof: Using our notation,

To conclude notice that
for any matrices and .

We now present our main tool for obtaining approximation
guarantees for coreset regression.
Lemma 9: Assume that the rank of the matrix

is equal to (i.e., the matrix has full rank). Then, for
,
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Proof: To simplify notation, let . Using the SVD
of , , we obtain

where the last equality follows from properties of the pseudoin-
verse and the fact that is a full-rank matrix (see Lemma
18 in the Appendix). Using ,
we obtain the equation given at the bottom of the page, where
follows from the assumption that the rank of is equal

to and thus and follows by ma-
trix-Pythagoras (see Lemma 17). To conclude, we use spec-
tral submultiplicativity on the second term and the fact that

.
This lemma provides a framework for coreset construction:

all we need are sampling and rescaling matrices and , such
that and

is small. The final ingredients for the proofs of Theorems 6 and
7 are two matrix sparsification results that we present in the
Appendix.
Lemma 10: Let and with respective

ranks , and . Given , there exists a deterministic al-
gorithm that runs in time

and constructs sampling and rescaling matrices ,
satisfying

If , the running time of the algorithm
reduces to . We write

to
denote such a deterministic procedure.
Lemma 11: Let and with respective

ranks and . Given , there exists a deterministic
algorithm that runs in time and
constructs sampling and rescaling matrices ,

satisfying

If , the running time of the algorithm
reduces to . We write

to
denote such a deterministic procedure.

Proof of Theorem 6: Theorem 6 follows from Lemmas 9
and 10. First, compute the SVD of to obtain ,
and let . Next,
run the algorithm of Lemma 10 to obtain

. This algorithm
runs in time , where is
the rank of and . The total running time of the al-
gorithm is

.
Lemma 10 guarantees that and satisfy the rank assump-

tion of Lemma 9. To conclude the proof, we bound the second
term of Lemma 9, using the bounds of Lemma 10 and

:

Proof of Theorem 7: The proof is similar to the proof
of Theorem 6, using Lemma 11 instead of Lemma 10. Let

. We
bound the second term of Lemma 9, using the bounds of
Lemma 11:

B. -Agnostic Coreset Construction

All the coreset construction algorithms that we presented so
far carefully construct the coreset using knowledge of the re-
sponse vector. If the algorithm does not need knowledge of
to construct the coreset, and yet can provide an approxima-

tion guarantee for every , then the algorithm is -agnostic. A
-agnostic coreset construction algorithm is appealing because

the coreset, as specified by the sampling and rescaling matrices
and , can be computed offline and applied to any . We

briefly digress to show how our methods can be extended to de-
velop -agnostic coreset constructions.
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TABLE II
LOWER BOUNDS ON THE APPROXIMATION RATIO FOR DIFFERENT FORMULATIONS OF LINEAR REGRESSION AND A CORESET OF SIZE . THE RANDOMIZED
ALGORITHM IN THE SECOND ROW OF THE TABLE DELIVERS A CONSTANT PROBABILITY OF SUCCESS (ALL OTHER ALGORITHMS ARE DETERMINISTIC).
THE LOWER BOUNDS ARE VALUES SUCH THAT . THE APPROXIMATION RATIOS ARE VALUES SUCH THAT

. IN THE FIRST TWO ROWS IN THE TABLE, , AND ARE VECTORS. NOTATION: IS THE

NUMBER OF DATA POINTS OF DIMENSION ; IS THE RANK OF THE MATRIX WHOSE ROWS CORRESPOND TO THE DATA POINTS;
IS THE SIZE OF THE CORESET, ; IS THE NUMBER OF “RESPONSE” VECTORS IN MULTIPLE-RESPONSE REGRESSION

(IN THE LAST TWO ROWS IN THE TABLE , AND HAVE COLUMNS)

Theorem 12 ( -agnostic coresets): Given a matrix
with rank , a matrix , and , there exists

an algorithm to deterministically construct a sampling matrix
and a rescaling matrix such that for any , the ma-
trix that solves the problem of (7) satisfies

The running time of the proposed algorithm is
, where is the time needed to compute the

left singular vectors of .
Proof: The proof is similar to the proof of Theorem 6, ex-

cept we now construct the sampling and rescaling matrices as
. To bound

the second term in Lemma 9, we use

and the bounds of Lemma 10.
The above bound decreases with and holds for any ,

guaranteeing a constant-factor approximation with a constant
fraction of the data. The approximation ratio is , which
seems quite weak. In the next section, we show that this result
is indeed tight.

V. LOWER BOUNDS ON CORESET SIZE

We have just seen a -agnostic coreset construction al-
gorithm with a rather weak worst-case guarantee of
approximation error. We will now show that no deterministic
-agnostic coreset construction algorithm can guarantee a

better error (see Theorem 13) by providing lower bounds on
coreset size as a function of approximation error. These results
are also summarized in Table II.
Drineas et al. [10] provides another -agnostic coreset con-

struction algorithm with . For a fixed , the
method in [10] delivers a probabilistic bound on the approxi-
mation error. However, there are target matrices for which

the bound fails by an arbitrarily large amount. The probabilistic
algorithms get away with this by brushing all these (possibly
large) errors into a low probability event, with respect to random
choices made in the algorithm. So, in some sense, these algo-
rithms are not -agnostic, in that they do not construct a coreset
which works well for all with some (say) constant probability.
Nevertheless, the fact that they give a constant probability of
success for a fixed but unknown makes these algorithms in-
teresting and useful. We will give a lower bound on the approx-
imation ratio of such algorithms as well, for a given probability
of success (see Theorem 14). Finally, we will give lower bounds
on the size of the coreset for the general (nonagnostic) multiple
regression setting (see Theorems 15 and 16).

A. Impossibility Result for -Agnostic Coreset Construction

We first present the lower bound for simple regression. Re-
call that a coreset construction algorithm is -agnostic if it con-
structs a coreset without knowledge of , and then provides an
approximation guarantee for every . We show that no coreset
can work for every ; therefore a -agnostic coreset will be bad
for some vector . In fact, there exists a matrix such that
every coreset has an associated “bad” .
Theorem 13 (deterministic -agnostic coresets): There ex-

ists a matrix such that for every coreset
of size , there exists (depending on ) for which

Proof: Let be any matrix with orthonormal columns
whose first column is , and consider any coreset of
size . Let , where is the -vector of 1s
except at the coreset locations. So for the coreset regression,

, and so . Therefore,

Let project onto the columns of and project onto
the first column of . The following sequence establishes the
result:
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We now consider randomized algorithms that construct a
coreset without looking at (e.g., [10]). These algorithms
work for any fixed (but unknown) , and deliver a probabilistic
approximation guarantee for any single fixed ; in some sense
they are -agnostic. By the previous discussion, the returned
coreset must fail for some , i.e., the probabilistic guarantee
does not hold for all , and, when it fails, it could do so with
very bad error. We will now present a lower bound on the ap-
proximation accuracy of such existing randomized algorithms
for coreset construction, even for a single .
First, we define randomized coreset construction algorithms.

Let be the different coresets of size .
A randomized algorithm assigns probabilities
to each coreset, and selects one according to these probabilities.
The probabilities may depend on . The algorithm is -ag-
nostic if the probabilities do not depend on . As usual, let
be the size of the coreset.
Theorem 14 (probabilistic -agnostic coresets): For any ran-

domized -agnostic coreset construction algorithm, and any in-
teger , there exists and , such
that, with probability at least ,

Proof: Let be any matrix with orthonormal columns
whose first column is , as in the proof of Theorem 13.
Let be a set of size . The neighborhood
is the set of coresets (of size ) that have nonempty intersec-
tion with . Every coreset appears in such neigh-
borhoods (the number of sets of size which intersect with a
coreset of size ). Let be the random coreset (of size ) se-
lected by the algorithm. Let be the probability
that the coreset selected by the algorithm is in ; then,

. Therefore,

where the last equality follows because each coreset appears
exactly times in the summation and
. Thus, there is at least one set for which

So, with probability at least , the selected coreset
does not intersect with . Select (the unit vector
which is at the indices corresponding to ). Now, with
probability at least , , and the analysis in
the proof of Theorem 13 shows that

By Stirling’s formula, after some algebra, the probability
is asymptotic to . Setting

gives a success probability that is a constant. Then, the approx-
imation ratio cannot be better than . With regard
to high probability (approaching one) algorithms, consider

to conclude that if the success probability

is at least , the approximation ratio is no better than
.

B. Lower Bounds for Nonagnostic Multiple Regression

For both the spectral and the Frobenius norm, we now con-
sider nonagnostic unconstrained multiple regression, and give
lower bounds for coresets of size (for sim-
plicity, we set ). The results are presented in The-
orems 15 and 16.
Theorem 15 (spectral norm): There exists with

rank and such that for any and any sampling
and rescaling matrices and , the solution to
the coreset regression satisfies

Proof: First, we need some results from [7]. Consider the
matrix

where are the standard basis vectors. Then, let
. Theorem 34 in [7] (with ) argues the

following: given and any sampling matrix and
diagonal rescaling matrix , with (rescaled
sampled coreset of ), and any with ,

In the above equation, of rank is the
best rank- approximation to (in the spectral norm) whose
rows lie in the span of all the rows in (the row-space of );
and, of rank is the best rank- approximation
to (which could be computed via the truncated SVD of ).1

Since is the best rank- approximation to in the

row-space of , it follows that

for any with rank at most (because will
have rank at most and is in the row space of ). Set

, where has columns
which are the top- left singular vectors of . It is easy to verify
that has the correct dimensions and rank at most . Since

, we have that

We now construct the regression problem which exhibits the
lower bound in the theorem. Let (i.e.,
we choose in the above discussion) and . is as
we described above. Suppose a coreset construction algorithm
gives sampling and rescaling matrices and , for a coreset of
size . So, the coreset regression is with and

. The solution to the coreset regression is

1Actually, is irrelevant here because the row-space of is the same as
the row space of .
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which means that

To conclude the proof, observe that
.

Theorem 16 (Frobenius norm): There exists of
rank and such that for any and any sampling
and rescaling matrices and , the solution to
the coreset regression satisfies
(for any )

As and the lower bound is .
Proof: First, we need some results from [7]. For any integer
and any integer , Boutsidis et al.[7, Th. 36] exhibits

a matrix such that for any sampling matrix
and diagonal rescaling matrix , with
(rescaled sampled coreset of ), any , and

any ,

The matrix is constructed as follows. Recall that is any
positive integer with . Let have dimensions
and be constructed as follows:

where are the standard basis vectors. Now construct
to be block diagonal, with copies of along its diagonal;

so, the dimensions of are . Then, .
In the above, of rank is the best

rank- approximation to (in the Frobenius norm) whose rows
lie in the span of all the rows in (the row-space of ); and,

of rank is the best rank- approximation
to (which could be computed via the truncated SVD of ).
Since is the best rank- approximation to in the

row-space of , it follows that

for any with rank at most (because will
have rank at most and is in the row space of ). Set

, where has columns which
are the top- left singular vectors of . It is easy to verify that
has the correct dimensions and rank at most . Since
, we have that

We now construct the regression problem which proves the
lower bound in the theorem. Let (i.e.,
we choose in the above discussion), (i.e.,
is a multiple of in the regression problem), and
. is as we described above. Suppose a coreset construction

algorithm gives sampling and rescaling matrices and , for
a coreset of size . So, the coreset regression is with

and . The solution to the coreset
regression is

which means that

To conclude the proof, observe that
and .

VI. OPEN PROBLEMS

An important open problem arises in our work: can we de-
termine the minimum size of a coreset that provides a
relative-error guarantee for simple linear regression? We con-
jecture that is a lower bound, which will make our re-
sults almost tight. Certainly, coresets of size exactly cannot
be guaranteed: consider two data points . The op-
timal regression is zero; however any coreset of size one will
give nonzero regression.

APPENDIX A
LINEAR ALGEBRA BACKGROUND

The singular value decomposition (SVD) of a matrix
of rank is a decomposition

The singular values are con-
tained in the diagonal matrix ; con-
tains the left singular vectors of ; and con-
tains the right singular vectors. The Moore–Penrose pseudoin-
verse of is . Given an orthonormal matrix

, the perpendicular matrix to
satisfies: , , and

. All the singular values of both
and are equal to one. Given , can be computed in

deterministic time via the QR factorization.
We remind the reader of the Frobenius and spectral matrix

norms: and . We
will sometimes use the notation to indicate that an ex-
pression holds for both or . For any two matrices
and , ;

; . These are stronger vari-
ants of the standard submultiplicativity property

and we will refer to them as spectral submultiplica-
tivity. It follows that, if is orthonormal, then
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and . Finally, we will make frequent use of
the following two lemmas.

Lemma 17 (matrix-Pythagoras): Let and be two
matrices. If or , then

Lemma 18 ([4, Fact 6.4.12]): Let ,
and assume that . Then,

APPENDIX B
ALGORITHMS AND PROOFS OF LEMMAS 10 AND 11

We now provide all the details of the proofs and the cor-
responding algorithms of Lemmas 10 and 11. Those results,
which have been described in detail in [5], are slight extensions
of two algorithms presented in [7], which themselves extend
the original spectral sparsification result of Batson et al. [2].
More specifically, Lemma 20 below—in some sense—gener-
alizes Lemma 2; indeed, setting in Lemma 20
gives Lemma 2. Lemma 19 below also describes a deterministic
algorithm for sampling columns from two matrices but the goal
here is to optimize different spectral properties in the sampled
matrices.
In this section of the Appendix, we will slightly abuse no-

tation by denoting with a sampling matrix which
samples columns—not rows—from matrices. We will later use

to be consistent with the notation used throughout the
paper.

Algorithm 5: DeterministicSamplingI (Lemma 19)

Input: ,
, and .

Output: Sampling matrix and rescaling matrix
.

1: Initialize , , and .

2: Set constants .

3: for to do

4: Let .

5: Pick index and number (see
text for the definition of ):

6: Update ; set and
.

7: end for

8: Multiply all the weights in by

9: Return: and .

Algorithm 6: DeterministicSamplingII (Lemma 20)

Input: ,
, and .

Output: Sampling matrix and rescaling matrix
.

1: Initialize , , , and
.

2: Set constants .

3: for to do

4: Let ;

5: Pick index and number (see
text for the definition of ):

6: Update ;
, and set , .

7: end for

8: Multiply all the weights in by .

9: Return: and .

Lemma 19 ([7, Lemma 13]): Let and
with . Let . Algorithm 5 runs in

time and deterministically constructs a sampling
matrix and a rescaling matrix such that

We write to
denote this procedure.
Algorithm 5 is a greedy technique that selects columns one at

a time. To describe the algorithm in more detail, it is convenient
to view the input matrices as two sets of vectors

and

Given and , introduce the iterator ,
and define the parameter

For a square symmetric matrix with eigenvalues
, and , define
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and let be defined as

where . For a vector and scalar ,
define the function

At each iteration , the algorithm selects , for which

The running time of the algorithm is dominated by the search
for an index satisfying

(one can achieve that by exhaustive search). One needs ,
and hence the eigenvalues of . This takes time, once
per iteration, for a total of . Then, for , we
need to compute for every . This takes per itera-
tion, for a total of . To compute , we need for

, which need to be computed only once for the
whole algorithm and takes . So, the total running time is

.
Lemma 20 ([7, Lemma 12]): Let , ,

, and . Let . Algorithm 6 runs in
time and deterministically constructs a sam-

pling matrix and a rescaling matrix such
that

If , it runs in ; we write
for this procedure.

Algorithm 6 is similar to Algorithm 5; we only need to define
the function . For a square symmetric matrix
with eigenvalues , , , define:

, and let be defined

as ,

where . The

running time of the algorithm is .
1) Proof of Lemma 10: We first restate the lemma.
Lemma 21 (restatement of Lemma 10): Let

and with respective ranks and . Given
, there exists a deterministic algorithm that runs in

time and con-
structs sampling and rescaling matrices ,
satisfying

If , the running time of the algorithm
reduces to . We write

to
denote such a deterministic procedure.

Proof: Let the SVD of is ,
with , , . Let the
SVD of is , with ,

, and . Let

By Lemma 20,

which implies

and

Also,

because

Thus,

where uses Lemma 18. To obtain the first inequality
in the lemma we need to take and observe that

and . We
now prove the second inequality in the lemma

To obtain the second inequality in the lemma, we need to take
and use , and .

2) Proof of Lemma 11: We first restate the lemma.
Lemma 22 (restatement of Lemma 11): Let

and with respective ranks and . Given
, there exists a deterministic algorithm that runs in time

and constructs sampling and
rescaling matrices , satisfying
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If , the running time of the algorithm
reduces to . We write

to
denote such a deterministic procedure.

Proof: Let the SVD of is ,
with , , . Let the
SVD of is , with ,

, and . Let

By Lemma 19,

which implies

and

Also,

which by taking gives the second inequality in the
lemma

Now we prove the first inequality in the lemma

where uses Lemma 18. To conclude, use
; .
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